
History: 

Thanks, Ron. 

Re: Water density impact on jet flow 
Richard L Garwin to: rcdykhu 

ammerman, Amy.Bodetle, Arun .Majumdar, bhassan, cwmorro, 
C . dablank, dlkeese, dqosulli, gcooper, jholdren, mcnutt. Missy.Owens, 

c. mltatro, RaLMerewether, RGarwin, Rod.OConnor, SCHU, slocum. 
Slocum42, sniesz, Steven.Aoki, tohunte, Tony.Rediger, wsr 

This message has been forwarded. 

06/111201005:30 PM 

Not exactly on this point, but VERY important for the Flow Team is this note from Paul Oimotakis: 

Dick Garwin 

- Forwarded by Richard L GarwiniWatsonlConlrllBM on 0611112010 05:27 PM-

From: 

To: 

Date: 

Subject 

"Dimolakis, Paul E." <pxd@lyrvos.cakech.edu> 

Richard L GarwinlWatson/ConlrIIBM@IBMUS 

061111201004:58 PM 

RE: Cylindrical jet of fluid inlo a denser fluid. 

**** I just saw this (Caltech Commenc ement today) . 

To amplify (and quantify) the previous statement about density - ratio 
effects on flow -structure convection veloc i ties : 

Interfacial flow structures in a shear layer fo rmed between two 
unbounded flow regions with a high speed of Ul and a low speed of U2 
convect with a speed Uc given by , 

Uc/Ul (1 + r*s"{1 / 2}) / (1 + s"' {1 /2}) 

Where r = U2/U1 and s = rho2/rho1 (see Dimotakis 1986, a ttached) . This 
relation has been validated (for subsonic flow) by a large volume of 
experimental data since. 

The shear layer driven by the jet core velocity, Uj, entrains ambient 
fluid as i t mixes with i t. Near the jet exit and near the shear layer 
that forms, the entrainment flow velocity, Ue - Uj / 30, or so. So, U2 / U1 
- ue / Uj = r - 1/30. 

If the jet-core flow can be regarded as homogeneous and rho_ jet - 0 . 3, 
we have s = rho_water/rho_jet - 3, so we'll have 



Ul = (1 + 1.7) I (1 + 1.7(30) Uc - 2 . 7 Uc . 

It will be Uc that's discernible in the videos, so Ul - Uj - 2 . 7 Uc. 

Hope thi s helps, P 

D imotakis.1986.AIPA.I.pdf 
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Two-Dimensional Shear-Layer Entrainment 

Paul E. Dimolakis· 
California Institute 0/ Technology, Posadena, California 
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I. Introduction 

T HE concept of entrainment has evolved in recent years 
with our changing perspective of turbu lent now. As a 

consequence, one of the difficulties in discussing this topic is 
that several possible definitions of ent.ainment exist at pres· 
ent, not necessarily equivalent, assumed either implicitly in 
discussions and analyses or opeTationally through particular 
choices and interpretations of measurements in the labora· 
tory. 

In the Original disrussions of Corrsin and Kistler,lI the tur
bulent r~ion was envisioned as circumscribed by the 
superlayer, an interfacial surface of a relatively simple 
topology, which marked the inslanlaneous boundary between 
the turbulent and nonturbulcnt now. Within this superlayer, 
the turbulenl region was treated as essentially homogeneous 
and isotropic. In this conte}!.!, entrainment !;ould be described 
as the nux of nonturbulent nuid acrO$$ the supcrlayer inter· 
face, in turn, the consequence of the random diffusive pl"Op
agation, as dictated, and augmented, by the local flowrJeld, of 
the 5uperlayer into the nonturbulent nuid. (See also related 
discu5Sions in Refs. 22- 24.) 

Entrainment by the Corrsin and Kistler me<:hanism has 
come 10 be known as "nibbling" of the irrotational nuid by 
the rotational (turbulent) fluid . Work in the llL'lt fifteen years 
or so on the structure of turbulent shear flows suggests that 
Ihis picture may be too simple to provide the conceptual basis 
for the desaiplion of entrainment of nonturbulent inota· 
tional fluid into the turbulence. The term "gulping" has been 
coined to describe the resulting suggested picture, and it now 
appears thatlhi! procc5S might best be described as possessing 
three main phases, which can be outlined as follows. 

Initially, nuid in the vicinity of the vorticily·bearing nuid is 
!let in motion through the Biot·Savan-induced velocity field. 
Note Ihat this phase of the process is kinematic and not dif
fusive. ]rrOlational nuid sumciently close to the vort ical nuid 
will in fact participate in the large·scale structure motions long 
before it has acquired vorticity of ilS own. This first phase of 
entrainmenl could be called imiuelioll (the term arose out of 
discussions wjth Professors A. Roshko and R. Narasimha) 
and describes largely irrotational nuid that has started at the 
low end of the turbulent wave·number spectrum and should 
therefore be considered as part of the turbulent now. See Fig. 
I. Brown and Roshko' identified this " entanglement" stage 
of enlrainment as distinct from the subsequent phases of the 

PrC$Cf1 led &$ Paper 8<'-0363 al Ihe AIAA 22nd Aer~pacc ScicnctS 
MeetinS. Rcno. !'IV, Jan. 9·12.1984; ,ccelyed~. 13. 198<': revision 
re«iyed April 10, t9S6. CopYliShl ® 1986 by P. E, DimQtakit. 
l'ublilhed by the Amerkan Institutc of Aeronautics and A,I.onaUltcl. 
Inc., .. lth. pefmi.lion. 
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overall procen. Inducted nuid, even though still irrotational , 
is parI of the motion in the turbulent region and already con· 
tributes to the overall momentum and energy of that region .11 

It should be emphasized thai the indue/ion uelocilY should not 
be confused with the iflduCf!d T,l('loci/y corresponding to Ihe 
Biot·Savart law and the large·scale vorucity concentrations in 
free shear nows, or with the displacement velocity at large 
distances from the turbulent rtgion. 

Secondly, following the induction of irrotational nuid into 
the turbulent region, a nuid element is strained until its spalial 
scale is small enou,h (large wave number) to pul il withIn 
reach of (viscous) diffusive processes. In th is phase, which 
could be called diaslrophy or tumina (arpoO:') th rough (6,cr~ ) 
some action or innuence, Ihe irrotational nuid is "corrupted" 
with vort icity Ihrough the action of viscosity as it c;ascades to 
spatial scales o f the order of the viscous (Kolmogorov) 
scale ).. •. 

A thi rd stage can be associated with other possible diffusiv~ 
processes, such as mole<:ular mi"' ing or h~at conduction, and 
mayor may not precede the second stage, depending on the 
relative magnitude of the corresponding molecular diffusiv;(y 
to that of the kinematic viscosity. This third stage, which 
could be called iTljusiofl, would of course be almost in· 
distinguishable from the diastrophy phase in the case of gas· 
phase entrainment , for which the values of the corresponding 
diffusion coefficients are usually of the same order. In Ihe case 
of liquid·phase molcc:ular mixing, however , for which 
Schmidt numbers are of the order of JOl, or in the case of the 
diffusion of panirulales and aerosols, for which the effective 
diffusivity is set by Brownian motion with Schmidt numbers 
Ihat can reach values of the order of 101_106, the corres· 
ponding diffus ion scale )..D. which differs from the viscous 
scale by the square root of the Schmidt number, i.e., 

(I) 

can be very much smal ler and is the species diffusion counter
part of the Batchelor scale. l In particular, if we ar~ inlerested 
in chemical reactions between the cotrained nuids into a tur· 
bulent shear layer, this last stage of entrainment is important, 
and il is th is dirrerence between gases and liquids that can 
result in the large Schmidl number erfws on the reaction rates 
documented recently fo r the fully developed two-dimensional 
shear layer betWeen liquid·phase reactions· , I~ and gas·phase 
react ions. 1f.1'O 

II can be seen that for a Schmidt (or Prandtl) number 
substant ially different from unity, as in the case of liquids or 
particulate dispersal, for (X3mple. a differem volume fraction 
would be a~socialed with nuid in each of the three phases. In 
particular, we would eJlpcclthal tht volume fraction occupied 
by molec;ularly mi~ed nuid in a liquid would be smaller than 
the volume fraction of vortical nuid. Analogously, depending 
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on the monitored propc:rty of interest, the corresponding 
"intermittency" would be differc:nl. 

II. Experimental Dala and Discussion 
Measutertlents by Konrad l ' in a two-dimensional, gas.phase 

shear layer at high Reynolds numbers show that the entrain
ment of fluid from the two freestreams into the turbulent mix
ing layer is not symmetric. Using a small aspirating probe1 and 
ignoring possible correlations between composition and 
~locity fluctuations, Konrad estimated the flux of mixed 
fluid, which he defined operationally as fluid whose composi
tion was measurably different from that of either of the pure 
freest reams. It can be seen, on the basis of the preceding 
discussion, that whereas Konrad's estimates of the absolute 
values of the enlrainmeTlt flux from each of the freestreams 
correspond to the infusion flux and not the induction flux. 
which is higher, his estimate of the entrainment ratio is prob
ably reliable and approximately equal to the induction ratio. 
The asymmetric entrainment ratio was also appreciated by J. 
Brown,9 who argued for it on the basis of the apparent angles 
of intersection of the edges of the shear-layer turbulent region 
and those of the corresponding freest reams. 

Confirmation of this entrainment asymmetry can also be 
found in the measurements by Mungal and Dimotakis l9 at 
high Reynolds numbers, in a gas-phase chemically reacting 
shear layer (H1+Fl ), as well as in the laser-induced 
fluorescence measurements in a liquid-phase chemically react
ing shear layer in water by Koochesfahani et aL" at a lower 
Reynolds number and in the dilution experiments of 
Koochesfahani and Dimotakis,I6 at a higher Reynolds 
number. 

These results may be considered surprising at first sight. In 
the absence of an imposed Stream wise pressure gradient (con
stant freestream velocities), the large-scale vortical structures 
in a two-dimensional , shear-layer convect with a constant 
velocity U~. Consequently, there exists a Galiiean frame 
translating at U~, in which the vortices are stationary. In this 
vortex frame, one will observe the high-speed freestream going 
in one direction with a speed V I - U~ and the low-speed 
freeslream going in the opposite direction with a speed 
U~ - V l . For equal freestream densities (P~ "'"p,), the: convec
tion velocity is found to be approximately equal to Ihe mean 
speed of the layer U= (VI + U1)/2. The corresponding 
rreestream velocities, in the vortex rc-st frame. would then be 
equal to 4V/2 and - 4V/2, respectively. where 4V= VI - VI 
is the velocity difference across the layer. Consequently, for 
uniform-density flow, it would appc:ar that in the vortex frame 
the two freestreams provide a symmetric environment. 

It is imporlant to recognize that this argument is valid for :l 
tempo"JII)' growing shear layer and, for equal freestream den
sities (Pl "" PI) . one would therefore coneJude that such a layer 
will entrain equal amounlS of fluid from the two freestreanu. 
This has been argued by G. Brown,6 who proposed that the 
entrainment ratio should be equal to the square root of the 
freestream density ratio. 

Konrad'sl4 measurements at high Reynolds numbers in
dicate that the enlrainment ratio is a function of both the 

" 

Fit;. I &it.-.inmNI stqa.. Dastted Ii_ tndkale 1"tK1ed fluill (lr
rottliloftal) velodI;y rlflll in ~ VOl1n f",_. Cl"(lssMtdled fl.1cl i ... 
dintm ,"ortkai ("I_ull nuili. Solh! IDe In.lesen DI(I!tt"ua.",.1%ed 
(hleh-Sdtmktt-a.ber) flak!. 

fr«stream speed ratio re: UlIU, and the density ratio 
s=P1 IPI across the shear layer. For a uniform-density shear 
layer (s = I) and a speed ratio of , ... 0.38, Konrad measured a 
volume flux entrainment ratio of E»(',s) .. 1.3. Using a high_ 
speed stream of helium and a low-speed stream of nitrogen, 
corresponding to a density ratio of PII PI = 7, and the same 
speed ratio of 0.38, he measured a volume flux entrainment 
ratio of Ev("s) .. 3.4. It should be noted that, for a fixed
speed ralio " the ratio of the two (volume flux) entrainment 
ratios, as measured by Konrad, is approximately in the ratio 
of the square root of the density ratios. i.e .• E.(r'SI) 
+ E.(',51) '" (s,/51)\o\' consistent with the density dependence 
of the proposed entrainment ratio ~xpression by G. Brown.6 

The preceding observations suggest a functional dependence 
orthe (volume) entrainment ratio E. on the density ratio sand 
the velocity ralio , of the form 

E.( r,s) =.fi-/(r) (2) 

The fact that a temporally growing shear layer at uniform 
density must be characterized by a symmetric entrainment 
ratio suggests that the function/(r) in the preceding equation 
must tend 10 unity as the velocity ratio r tends to unity, as has 
been argued by G. Brown.· In turn, Konrad's measurements 
at uniform density and a velocity ratio of , .. 0.38 suggest the 
value of AO.38) .. 1.3, in disagreement with G. Brown's6 pro
posal, which would predict a symmetric entrainment ratio 
under these conditions. 

HI. Entmnment Into a Spadally Growing Layer 
The discussion of entrainment in the spatially growing shear 

layer is complicated by the coalescence interactions between 
the large-scale VOrtex structures, which do not allow a steady 
flow analysis of the problem. Ne~rthe1ess, there is evidence in 
the Hernan and Jimenez ll digital image analysis of the motion 
picture data of Bernal' to suggest that the coalescence interac
tions themselves are not responsible for any significant addi
tional contribution to the entrainment flux. In particular. Her_ 
nan and Jimena lind that the visual area of the turbulent 
region of the structure emerging from the coalescence is very 
close to the (extrapolated) sum of the areas of the participating 
structures prior to pairing. Consequently. we are encouraged 
to consider an approximation of entrainment as a continuous 
process, briefly iDlerrupted by occasional coalescence interac
tions. II should be noted, however, that this conjecture is at 
variance with the suggestion of Winant and Browand,~ who 
argued, on the basis of their flow visualiz.ation experiments in 
the two-dimensional shear layer, that the pairing process is in 
fact primarily responsible for entrainment. Of course, in the 
context of the preceding discussion, it should be recognized 
that the apparent discrepancy may be semantic, in view of the 
possible identification, in each case, with a different phase (in
duction, diastrophy, or mixing) of the entrainment process. 

Keeping these issues in mind, we: might be able to argue for 
entrainment in the spatial layer as follows. Consider the nth 
vortex at x~ in the spatially growing layer, viewed in the vortex 
rest frame, with the splitter plate trailing edge receding with a 
velocity - U~ and, at an instant between pairings. its upstream 
and downstream neighbors at x ft _ I and x~+J' respectively (see 
Fig. 2). The ratio of the high-speed fluid induction velocity Vii 

l u, -lIe} ----... 

-Iu.-u~} 

FIc. Z LII~INtt.~ Imy Ilid la4.ctlon _dodIks J. _ortn t4) ... 

veetlo. fnlM. 
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to the apparem velocity U, - U< of the high-speed freest ream 
in the vonex frame will, in aeneral, be some function of the 
dimensionless paramettTsor the problem, i.e .. - II;I / (U, - Ue ) 

= (,(r,S), and similarly for 1I ,~ /(Uc - U1) - l:(r,S)_ 

The an"tz is now proposed that the two dimensionless 
functions t,(r,s) and t: (',s) arc equal, i.e. , 

dr,s) ") 

Note Ihal, eonsistent with the ansatl., Ihe ratio of the induc
lion velocilio; - v;I I vu is equal to the freest ream velocity ralio 
in th e vortex fr ame, i . e, ( U, - Ue) / ( Ue - U 1 ), or 
(l - re) / (re-r), where re- Uc I U , is the normalil.ed vortell 
conveclion velocity and r = Ul I U. is the freeslream speed 
ralio in Ihe laboralOry frame . 

Von,.. COll~mIoR Velocity 
To procec:d, we need 10 evaluate the normalized vortell con

vection velocity which , for equal densities ($ .. I), is known to 
be approximately equal to 1' ,., (1 + r)/2, the normalized mean 
speed of the layer. On the other hand, on the basis of the x- t 
data in Brown and Roshko,· we find that the normalil.ed con
vection veloci lY for a density ratio s _ 7 and a velocity ratio 
, .. 0.38 is in the range of 0.53<r,<0.56 (VI i=0.69 al this 
velocity ral io). 

The vortex. convection velocity can be: es timaled with the aid 
of the foilowing argumenl. For a two-dimensional shear layer. 
and in the Galilean rest frame of the vortices, a stagnation 
point must exist between them. as was pointed out by Coles.1O 
Consequently, Bernoulli's equalion would apply along a line 
through Ihis point and, treatin, the flow as approximately 
steady along Ihis line, the dynamic pressures in the two 
frmlreams (in this frame) will be approximately matched. If 
second-order differences in the static pre55ure acr055 the la~r 
are ignored, we then have 

(4) 

whieh yield5 the freestream velocity ratio in the frame of the 
voniecs, 

(» 

Solving 
obtain 

for the normalized convection velocity re, we then 

(6) 

The resulting exptc:ssion for the convection velocity" is 
ploued in Fig. 3. Note that : 

I) It is linear in the veloeity rat io'. 
2) For equal densi ties, it predicts a convection velocity equal 

to the mean speed 1', i.e. , ' e(" s =< I) = (1 +,)12. 
3) It gives a value of,< (r = 0.38, s ... 7) c 0.55, in good agree

ment wilh the Brown and Roshko' x - t data at these 
conditions. 

4) The large structure convection velocity Ve exceeds the 
mean ~peed of the layer O . (V, + V~)/2 for a heavy high
speed fluid (P, >Pl) and, conversely, is less than the mean 
speed for a Jight high-speed fluid (Pl >P,) , i.e., a heavy high
speed fluid "drag~" the ~ort ices along. 

latfllallWllt hllo 
If we now assume that the motion of the entrained nuid can 

be: represented as indicated in Fia. 2, we can argue that the 
high·speed nuid (volume) induction nux should be propor-

.. 
>0 . 

" . 

, L-~_~~ __ ~---' 

• 8 .ft 1. 0 

fla. J Nonnsllad ~ortn ro."fdloll ~"'odty V,(r,II/UI YO til! 
f,"",,~ ... $pHd nt;o r .. VI/V" Un! I_Is teTTCSpolid to RIKtN 
,·aI., of ffftStrmm det'iIIJ ntlo ' . ,111/,11,. 

tional to - Vii ' (x. _ I - x~), the product of corresponding in_ 
duction velocity and the chord subtended between the nth 
vortex and its dQWnst'Nm neiahbor, while the low-speed fluid 
induction flux should be: proponionallO tla·(x~ -x~_ ,), the 
product of the corresponding induction velocity and Ihe chord 
subtendcd between the nth vortex and its llpst'l't1m neighbor. 
Therefore, using Eq. (3), the volume flux entrainmenl (induc
lion) ratio E~ should be: given by 

(7) 

Since the Ix~ I position sequence connitu tes a geometric 
progression, i.e., x •• r::: (I + fI x) ·x., we have, combining 
wi th Eq. (5), 

E. - s"" (I + (t/X» ) (8) 

where fI x is Ihe (mean) vortex spacing to position ratio. which 
is a constant of the flow (i.e., ,-x). 

The ratio ' I x can be: estimated using the relation suggested 
by Koochesfahani et al. 1t Based on their cross-correlation 
measurements, these authors report a value of 

fl x ;: 3.9(6 .. l x) (9) 

where li .. l x is the vonicity thickness to position rat io, ex
perimentally found to be: proponionalto (1-,) / (I+r) for 
equal densities (Pl-PI), with Ihe.conSlant of proportionali ty 
in the range 0.16-0.111 (the higher value is the one recom
mended by Brown and Roshko ' ). If we substitute the mid
range value for " .. Ix, we have 

" 1- , ~ .. 0.17- 
x I ~, 

(10) 

where ,-V1/V, is the velocity ratio across the shear layer. 
Combining the laUer two equalions yields an expression for 
tl x, i.e .. 

I 1-, 
- .. 0.68-
x I + r (II) 

It ~hould be: noted that even though the empirical re lations, 
as given by Eqs. (9) and (10), are based on shear-layer data 
with equal freestream densities. Konrad's flow visualil.3tion 
data SUlI.8est that t/x i1 not a function of the freestream density 
ralio. Consequently, we are encouraged to accept EQ. (\1) as 
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valid for all velocity and density ratios, even though expres
sions (9) and (10) are not. 

SubSlitutinglhis expression for fix in Eq, (8) then yields, for 
the entrainment ratio, 

( 1-') £.(r,5) =sl'; 1+0.68-
I., 

(12) 

Note that the moss flux entrainment ratio E", can also be ob
tained from the prCl;cding equation, since Em =E.ls, or 

( 1-,) 
£",(r,5) _S- II 1 +O.~ (13) 

The resulting proposed expression for the (volume: nux) en
trainment ratio \Eq. (12)1. is of the form suggested by Eq, 
(3). For equal densities, 

I) The entrainment ratio lends to unity as the velocity ratio 
tends to unity. Lc .•. E(r-I.s: 1)-1.0. in agreement with the 
temporally growill8 shear layer, which should approximate 
Ihis case in the limit. 

2) It predkls an exce» entrainment of high-speed nuid. 
3) For a velocity ralio r = 0.38, it predicts an entrainment 

ratio of E~ = 1.31 (in good agreement with Konrad's measured 
estimate of 1.3). 

4) For a density ratio of $=< 7 and a velocity ratio of r= 0.38, 
it predicts an entrainment ratio of E. = 3.46 (in good agree
ment with Konrad's experimental estimate of 3.4). 

The function E~(r,s) of Eq. (12) is plotted in Fig. 4 vs the 
velocity ratio r, for equal densities (s= I), and in Fig. 5 vs the 
density ratio s, for a velocity ratio r=0.38. 

Shnof-La~ Growth 

Viewing the overall enlrainment into tbe layer, the indue
lion velocity ansatl also suggests that the growth of the 
Ihickness of tbe layer, in the vortex frame, should, in the 
mean, be linear in time. In particular, the induction flux from 
the two freestreams results in a growth of the area A~ 

between pairings, with vonex spacings temporarily constant. 
which we can estimate linearly by 

Substiluting for A~, dividing through by xn _ I , and rearrang
ing terms, we have 

where fIx is the vortex-spacing-to-position ratio (see Eq. (II»). 
Solving for 61/ then yields 

'( ~lIxl -~f (U -U1)-(U - V)--
/. I ~ 1+I/lx 

where (j = (V, + V1 )12 is the mean speed of the layer . 
Transforming back to laboratory coordinates and normalizing 
all velocities by V, (note that I=X/Uc )' we have 

~;'(~-(I -~)~l 
X'~ 2r, I +tl2x 

(I S) 

For equal densities (s= I). the convection velocity is 
predicted to be equal to the mean speed, Le., r, =i~ (I + r)/2, 
the difference inside the parentheses vanishes, and we recover 

the familiar form of sho:ar-layer growth (see Eq. (10»). i.e., 

" I-r -=oonst-
x I +r 

(J6) 

which lends credence to the ansatz of Eq. (3) and suggests that 
{";II! In(r), at least for s ... I. If the laller is also assumed to hold 
for sol-I, we obtain a prediction for the growth of the tWO
dimensional shear layer given by 

, (1-') ( -_, --- I+s>l 
X I +sl'i r • 1+ 2.9(1 + r}/(I 

(l7) 

where Eqs. (6) and (II) have bc:cn used for rc and t/x, 
respectively. 

The result ing growth law, correspondin8 to the vorticity 
(maximum slope) thickness " • .Ix of Brown and Roshko, I is 
ploued in Fig. 6 vs (I - r)/(I + r) for s "'" 117, I, and 7, using the 
value of a .... 0.11 for the corresponding oonstant from Eq. 
(10). 

Note that the second term in the brackets vanishes ass-lor 
r-I. Note also that if we neglect the second tenn in the 
brackets, which arises hom the upstream/downstream asym
metry of the spatially growing layer, we recover the shear-

' .0 r--~--~-~--~---' 

,. 

, , 0 

" 
, 

o ~anr.d 0978 

0 
0 , • , ., <.0 
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Fla. S VoI.me On entrahlmttl' ratio E . ... f_raID <katl)" ... 110 
s= PI/" for I spceC rlUO r= VII V, - 0.31. 
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layer growth law proposed by G. Brown.6 which should be 
valid for the temporally growing shear layer (Le., as ,-I). 

She.-LaYfl Orttllblia. 

If we could as$ume that the ratio of inducted fluid fluxes 
from each of the freestre .. ms is also equal to the ratio of the 
fluid flux crossing the corresponding (mean) visual edges of 
the shear layer. we could use Eqs. (12) and (17) to estimate the 
angles subtended between Ihe upper and lower (mean visual) 
edges of the layer and the direction of the high-speed stream 
velocily vector, respectively_ Aligning the x axis with the VI 
veclor, and denoting the corresponding (positive) angles of Ihe 
high- and low-speed shear-layer edges by al and aI' respec
tively, we have 

tanal -E 
, lanal + tan,6 - " 

'm lana i + tanal =0---;-

(ISa) 

(ISb) 

where,= V 11VI and {3 is Ihe angle between the trans,"use and 
streamwise components of the low-speed stream velocilY vec
tor far from the layer, i.e .• lan.{3= V11U1• and S. ;, is the visual 
thickness of Ihe layer.1 See Fig. 7. Conversely. if the angles 
01' 01' and fl are known or can be obtained from now 
visualization data, then Eq. (III) could be used to estimate the 
volume flux entrainment ratio. 

IV. Discussion 
It may be useful to consider some of the implications of the 

prec~ding arguments. The calculation of both the enlrainm~nt 

ratio and the growth of the shear layer rely on an empirical 
datum: the local large-structure-Io-position ratio (/x [Eq. 
(II)). which e.llperimental eviden~ suggests is independent of 
Ihe density ratio." In the context of the present discussion, 
nOle that both the enlrainment ratio and Ihe growth of the 
shear layer would revert to the predictions for a temporally 
growing shear layer if tlx =O, i.e., if the vortical structures 
~re not large compared to x. which would result in a small 
upstreamldownstream asymmetry. A second empirical datum 
is, of course, the constant f that appears in Eq. (3) used in the 
derivation of lhe shear-layer growlh rate. 

The entrainment ratio of the spatially growi'!S layer is given 
by E=vs·{I +tlxJ. The density dependence Ns) is an expres
sion for the relative induction velocilY ratio of the two 
freestreams, as seen in Ihe frame of the vortices lsee Eq. (5JJ. 
and would also apply to a temporally growing layer. as has 
been argued by Brown.· The second factor, however, is a 
statement about the large-scale structures in a spatially grow
ing layer and describes the geometric progression of their elI

pected locations. While the available evidence suggests that 
large-scale Siructures would also characterize a temporally 
growing layer, as indicated by all computational results using 
a variety of methods, that now would not possess any 
upstream/downslream asymmetry and consequently would 
not be subject 10 the same argument. It should also be noted 
that, as a consequence, the induction velocity ratio for the 
spatially growing shear Layer is not equal to the entrainment 
nux ratio. 

From a practical standpoint, important considerations are 
implied by the potentially large asymmetries in entrainment. 
In particular, the entrainment ratio can be substantially dif
ferent from unity, especially in cases of unequal densities (see 
Figs. 4 and 5). which are encountered in many applications, 
such as combustion and mixing that results from Rayleigh
Taylor unstable interfaces. In particular, in the case of 
chemically reacting nows, the chemical environment dictated 
by the nuid mechanics can be substantially different from 
what would be predicted by turbulence models that assume 
symmetric entrainment; homogeneous, isotropic eddy diffu5-
ivity; and gradient transport milling. 

Finally. it should be noted that there is evidence to suggest 
that the dynamics of the two-dimensional shear layer appear 
to depend on more than just the velocity and density ratio of 
the freestreams. The e.llperiments of Balt~ indicate that a half
jet (U1IV, =0 shear layer) with a tripped (turbulent) initial 
boundary layer grows lasier. by about 3O~, than a half_jet 
with an untripped initial boundary layer. Interestingly 
enOugh, the experiments of Browand and Latigo' at a velocity 
ratio U2 1UI ,- 0.18 and of Mungal et al.1O al U21U I =0.4 sug
gesl that for VllUt ~O Ihe shear layer grows slowe, if the 
high-speed boundary layers are lurbulent as opposed to 
laminar. This behavior docs not appear to be a Reynolds 
number effect. In all cases, the shear layer grows linearly with 
dislan~ in the mean Ii.e., olx~/lJ(x», in a way that is sen
sitive to the initial conditions for distances downstream. which 
can be as large as'thousands of initial momentum Ihicknesscs. 
In the conleKt of the present discussion, the vortex-spacing.IO
position ratio tlx andl or the constant f of Eq. (3), are 
somehow also a function of the initial conditions in a way that 
is not clear at this writing. 
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